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▶ We have found a few special cases, where the methodseems to work.
▶ We have yet to discover the exact boundary between thepossible and the impossible.

2. How should dec be implemented to obtain maximalflexibility and correctness guarantees?
▶ We have several numerical solvers that have been used inresearch papers.
▶ We have one incomplete draft of a formal specification.
▶ We do not have much in the way of quality softwareengineering.
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4. Extract code from the proofs and instances.
5. Link the extracted code to existing implementations.
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▶ Functional programming languages by and large rely onruntime system features like garbage collection, whichmakes them unsuitable for heavy numerical computations.
▶ We still need to use existing implementations written inprocedural programming languages.
▶ Our plan is to hide them behind a common mathematicallyprincipled interface, which follows from code extraction.
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Example Definitions
1 Class IsAssoc (A : Type) (X : A -> A -> Prop)
2 (k : A -> A -> A) : Prop :=
3 assoc (x y z : A) : X (k x (k y z)) (k (k x y) z).
4
5 Class IsGrp (A : Type) (X : A -> A -> Prop)
6 (x : A) (f : A -> A) (k : A -> A -> A) : Prop := {
7 grp_is_mon :> IsMon X x k;
8 grp_is_inv :> IsInv X x f k;
9 grp_is_proper :> IsProper (X ==> X) f;
10 }.
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Example Proofs
1 Context (A : Type) (X : A -> A -> Prop)
2 (x : A) (f : A -> A) (k : A -> A -> A) ‘{IsGrp X x f k}.
3
4 #[export] Instance grp_is_invol : IsInvol X f.
5 Proof with note.
6 intros y...
7 rewrite <- (unl_elem_r (- (- y))).
8 rewrite <- (inv_l y).
9 rewrite (assoc (- (- y)) (- y) y).
10 rewrite (inv_l (- y)).
11 rewrite (unl_elem_l y).
12 reflexivity.
13 Qed.
14
15 #[export] Instance grp_is_cancel : IsCancel X k.
16 Proof. esplit; typeclasses eauto. Qed.
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Example Instances
1 Module Additive.
2 #[export] Instance Z_has_null_op : HasNullOp Z := 0.
3 #[export] Instance Z_has_un_op : HasUnOp Z := Z.opp.
4 #[export] Instance Z_has_bin_op : HasBinOp Z := Z.add.
5 End Additive.
6
7 Module Multiplicative.
8 #[export] Instance Z_has_null_op : HasNullOp Z := 1.
9 #[export] Instance Z_has_bin_op : HasBinOp Z := Z.mul.
10 End Multiplicative.
11
12 Ltac ecrush :=
13 repeat (try typeclasses eauto; esplit);
14 hnf in *; eauto with zarith.
15
16 #[export] Instance Z_add_is_grp : IsGrp _=_ 0 Z.opp Z.add.
17 Proof. ecrush. Qed.
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If only theory agreed with practice...
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Some Issues
▶ Modern mathematical definitions are so vague thatformalizing them takes a long time1.
▶ Classical definitions are incompatible with computation, somany things need to be defined constructively orsynthetically.
▶ Univalence would be very useful, but making it compatiblewith code extraction is still an open problem2.
▶ Convincing people that it makes sense to approachcomputational sciences from this direction is difficult.
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