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Finite elements: from scalar fields (50s, 60s)
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Degrees of Freedom (DoFs): discrete patterns, where quantities are discretized
shape functions: extend DoFs to piecewise functions inside

DoFs uniquely determine shape functions

to vector fields (70s-80s)

Yee scheme: electric field on edges, magnetic
fields on faces (Fig: https://ammar-hakim.org) 2 / 20



Finite elements: from scalar fields (50s, 60s)
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Degrees of Freedom (DoFs): discrete patterns, where quantities are discretized
shape functions: extend DoFs to piecewise functions inside

DoFs uniquely determine shape functions

to differential forms (Bossavit 80s; Hiptmair 90s; Arnold, Falk, Winther 2000s...) k-forms on k-cells

grad Lag ⊂ Ned, curl Ned ⊂ RT, div RT ⊂ DG, and exactness / cohomology
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Differential forms
On Rn, a k-form is an element in C∞(Ω) ⊗ Altk .
▶ A general k-form: ω =

∑
I fI dxi1 ∧ · · · ∧ dxik .

▶ antisymmetric: dxi ∧ dxj = −dxj ∧ dxi , dxi ∧ dxi = 0.

f = f ⇒ 0-form, R
ω = udx + vdy + wdz ⇒ 1-form, V
η = ady ∧ dz + bdz ∧ dx + cdx ∧ dy ⇒ 2-form, V
µ = fdx ∧ dy ∧ dz ⇒ 3-form, R

▶ Differential operator: dω =
∑

I

 n∑
j=1

∂fI
∂xj

dxj

 ∧ dxi1 ∧ · · · ∧ dxik .

d = grad(0-form), curl(1-form), div(2-form), 0(3-form)
▶ Traces ι∗

F ω :
∑

I(fI |F ) (dxi1 |F ) ∧ · · · ∧ (dxik |F ).
ι∗ = value(0-form), ω · t(1-form), ω · n(2-form), 0(3-form)

de Rham complex C∞Λk := C∞ ⊗ Altk

0 C∞Λ0 C∞Λ1 · · · C∞Λn 0.d0 d1 dn−1

0 C∞ C∞ ⊗ R3 C∞ ⊗ R3 C∞ 0.
grad curl div
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Whitney Forms

0-form 1-form 2-form 3-form k-form
Lagrange Nédélec Raviart-Thomas DG Whitney forms

P1 = R + x·V V + x×V V + x⊗R R Altk + κAltk+1

dim = 4 dim = 6 dim = 4 dim = 1 dim =
(n+1

k+1
)

DoFs: u 7→ u(x) DoFs: v 7→ (v · t)|e DoFs: w 7→ (w · n)|f DoFs: w 7→
∫

w DoFs: ω 7→ ι∗
σω

value continuity t continuity n continuity discontinuous tr := ι∗ continuity

Koszul construction: κ(dxi1 ∧ · · · ∧ dxik ) 7→
∑

s(−1)s−1xis (dxi1 ∧ · · ·��dxis · · · ∧ · · · dxik )
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Finite element periodic table: any dimension, any k-forms, any polynomial degrees
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Periodic Table of the Finite Elements
k = 0 k = 0 k = 0 k = 0

r = 1

r = 1

r = 1

n = 1

n = 2

n = 3

r = 2

r = 2

r = 2

r = 3

r = 3

r = 3

k = 1 k = 1 k = 1 k = 1k = 2 k = 2 k = 2 k = 2k = 3 k = 3 k = 3 k = 3

The table presents the primary spaces of finite elements for the 
discretization of the fundamental operators of vector calculus: the 
gradient, curl, and divergence. A finite element space is a space of 
piecewise polynomial functions on a domain determined by: (1) a 
mesh of the domain into polyhedral cells called elements, (2) a finite 
dimensional space of polynomial functions on each element called 
the shape functions, and (3) a unisolvent set of functionals on the 
shape functions of each element called degrees of freedom (DOFs), 
each DOF being associated to a (generalized) face of the element, 
and specifying a quantity which takes a single value for all elements 
sharing the face. The element diagrams depict the DOFs and their 
association to faces.

The spaces  and  depicted on the left half of the table 
are the two primary families of finite element spaces for meshes of 
simplices, and the spaces 
are the two primary families of finite element spaces for meshes of 

 and 
are the two primary families of finite element spaces for meshes of 

 on the right side are for 
meshes of cubes or boxes. Each is defined in any dimension n ≥1 
for each value of the polynomial degree r ≥1, and each value of 
0 ≤ k ≤ n. The parameter k refers to the operator: the spaces consist 
of differential k-forms which belong to the domain of the k th exterior 

derivative. Thus for k = 0, the spaces discretize the Sobolev space H 1, 
the domain of the gradient operator; for k = 1, they discretize H (curl), 
the domain of the curl; for k = n – 1 they discretize H (div), the domain 
of the divergence; and for k = n, they discretize L 2.
The spaces  and , which coincide, are the earliest finite 
elements, going back in the case r = 1 of linear elements to Cou-
rant ,1 and collectively referred to as the Lagrange elements. The 
spaces  and , which also coincide, are the disconti-
nuous Galerkin elements, consisting of piecewise polynomials with 
no interelement continuity imposed, first introduced by Reed and 
Hill. 2 The space  in 2 dimensions was introduced by Raviart 
and Thomas 3 and generalized to the 3-dimensional spaces  
and  by Nédélec, 4 while  is due to Brezzi, Douglas and 
Marini 5 in 2 dimensions, its generalization to 3 dimensions again 
due to Nédélec. 6 The unified treatment and notation of the 

 in 2 dimensions, its generalization to 3 dimensions again 
 

and  families is due to Arnold, Falk and Winther as part of finite 
element exterior calculus, 7 extending earlier work of Hiptmair  for the 

 family. 8 The space  is the span of the elementary forms 
introduced by Whitney. 9 

R. Courant, Bulletin of the American Mathematical Society 49, 1943.
W. H. Reed and T. R. Hill, Los Alamos report LA-UR-73-479, 1973.
P. A. Raviart and J. M. Thomas, Lecture Notes in Mathematics 606, Springer, 1977.
J. C. Nédélec, Numerische Mathematik 35, 1980.
F. Brezzi, J. Douglas Jr., and L. D. Marini, Numerische Mathematik 47, 1985.
J. C. Nédélec, Numerische Mathematik 50, 1986.
D. N. Arnold, R.S. Falk, and R. Winther, Acta Numerica 15, 2006.
R. Hiptmair, Mathematics of Computation 68, 1999.
H. Whitney, Geometric Integration Theory, 1957.
D. N. Arnold, D. Boffi, and F. Bonizzoni, Numerische Mathematik, 2014.
D. N. Arnold and G. Awanou, Mathematics of Computation, 2013.
A. Logg, K.-A. Mardal, and G. N. Wells (eds.), Automated Solution of Differential 
Equations by the Finite Element Method, Springer, 2012.
R. C. Kirby, ACM Transactions on Mathematical Software 30, 2004.
A. Logg and G. N. Wells, ACM Transactions on Mathematical Software 37, 2010.
M. Alnæs, A. Logg, K. B. Ølgaard, M. E. Rognes, and G. N. Wells, ACM Transactions 
on Mathematical Software 40, 2014.

1.
2.
3.
4.
5.
6.
7.
8.
9.

10.
11.
12.

13.
14.
15.

The family  of cubical elements can be derived from the 1-di-
mensional Lagrange and discontinuous Galerkin elements by a tensor 
product construction detailed by Arnold, Boffi and Bonizzoni, 10 but for 
the most part were presented individually along with the correspon-
ding simplicial elements in the papers mentioned. The second cubical 
family  is due to Arnold and Awanou. 11 

The finite elements in this table have been implemented as part of 
the FEniCS Project.12, 13, 14 Each may be referenced in the Unified Form 
Language (UFL) 15 by giving its family, shape, and degree, with the 
family as shown on the table. For example, the space 

 by giving its family, shape, and degree, with the 
 may 

be referred to in UFL as:
FiniteElement("N2E", tetrahedron, 3) 

Alternatively, the elements may be accessed in a uniform fashion as:
FiniteElement("P-", shape, r, k)
FiniteElement("P", shape, r, k)
FiniteElement("Q-", shape, r, k)
FiniteElement("S", shape, r, k)

for 
FiniteElement("S", shape, r, k)

, 
FiniteElement("S", shape, r, k)

, 
FiniteElement("S", shape, r, k)

, and 
FiniteElement("S", shape, r, k)

, respectively.

("P", interval, 1) ("P", interval, 1)("DP", interval, 0) ("DP", interval, 1)

("P", interval, 2) ("P", interval, 2)("DP", interval, 1) ("DP", interval, 2)

("P", interval, 3) ("P", interval, 3)("DP", interval, 2) ("DP", interval, 3)

2 21 2

3 32 3

4 43 4

P1 P1dP0 dP1

P2 P2dP1 dP2

P3 P3dP2 dP3

3 3 4 44 81 3

9 812 144 6

16 12 229 10

8 812 246 181 4

27 2054 4836 398 10

64 32144 84108 7227 20

1 3

4

4

44 12

6 63 6

10 1015 30

10 106 10

20 2036 60

3 6

6 121 4

8 12

20 304 10

15 20

45 6010 20

("P", triangle, 1) ("P", triangle, 1) ("Q", quadrilateral, 1) ("S", quadrilateral, 1)("RTC[E,F]", quadrilateral, 1) ("BDMC[E,F]", quadrilateral, 1)("DQ", quadrilateral, 0) ("DPC", quadrilateral, 1)

("Q", quadrilateral, 2) ("S", quadrilateral, 2)("RTC[E,F]", quadrilateral, 2) ("BDMC[E,F]", quadrilateral, 2)("DQ", quadrilateral, 1) ("DPC", quadrilateral, 2)

("Q", quadrilateral, 3) ("S", quadrilateral, 3)("RTC[E,F]", quadrilateral, 3) ("BDMC[E,F]", quadrilateral, 3)("DQ", quadrilateral, 2) ("DPC", quadrilateral, 3)

("Q", hexahedron, 1) ("S", hexahedron, 1)("NCE", hexahedron, 1) ("AAE", hexahedron, 1)("NCF", hexahedron, 1) ("AAF", hexahedron, 1)("DQ", hexahedron, 0) ("DPC", hexahedron, 1)

("Q", hexahedron, 2) ("S", hexahedron, 2)("NCE", hexahedron, 2) ("AAE", hexahedron, 2)("NCF", hexahedron, 2) ("AAF", hexahedron, 2)("DQ", hexahedron, 1) ("DPC", hexahedron, 2)

("Q", hexahedron, 3) ("S", hexahedron, 3)("NCE", hexahedron, 3) ("AAE", hexahedron, 3)("NCF", hexahedron, 3) ("AAF", hexahedron, 3)("DQ", hexahedron, 2) ("DPC", hexahedron, 3)

("DP", triangle, 0) ("DP", triangle, 1)

("P", tetrahedron, 1)

("P", tetrahedron, 1)

("P", tetrahedron, 1)
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("P", tetrahedron, 2) ("P", tetrahedron, 2)

("P", triangle, 3) ("P", triangle, 3)("DP", triangle, 2) ("DP", triangle, 3)

("P", tetrahedron, 3) ("P", tetrahedron, 3)

("RT[E,F]", triangle, 1) ("BDM[E,F]", triangle, 1)

("N1E", tetrahedron, 1) ("N2E", tetrahedron, 1)("N1F", tetrahedron, 1) ("N2F", tetrahedron, 1)("DP", tetrahedron, 0) ("DP", tetrahedron, 1)

("RT[E,F]", triangle, 2) ("BDM[E,F]", triangle, 2)

("N1E", tetrahedron, 2) ("N2E", tetrahedron, 2)("N1F", tetrahedron, 2) ("N2F", tetrahedron, 2)("DP", tetrahedron, 1) ("DP", tetrahedron, 2)

("RT[E,F]", triangle, 3) ("BDM[E,F]", triangle, 3)

("N1E", tetrahedron, 3) ("N2E", tetrahedron, 3)("N1F", tetrahedron, 3) ("N2F", tetrahedron, 3)("DP", tetrahedron, 2) ("DP", tetrahedron, 3)

P1 P1 Q1 S1dQ0 dPc1

Q2 S2dQ1 dPc2

Q3 S3dQ2 dPc3

Q1 S1dQ0 dPc1

Q2 S2dQ1 dPc2

Q3 S3dQ2 dPc3

dP0 dP1

P1

P1

P1

P2 P2dP1 dP2

P2 P2

P3 P3dP2 dP3

P3 P3

N11 N21 N21N11

N12 N12

N13 N13

dP0 dP1

dP1 dP2

dP2 dP3

N1e N1f

N1e N1f

N1e N1f

("Q", interval, 1) ("S", interval, 1)("DQ", interval, 0) ("DPC", interval, 1)

("Q", interval, 2) ("S", interval, 2)("DQ", interval, 1) ("DPC", interval, 2)

("Q", interval, 3) ("S", interval, 3)("DQ", interval, 2) ("DPC", interval, 3)

2 21 2

3 32 3

4 43 4

Q1 S1dQ0 dPc1

Q2 S2dQ1 dPc2

Q3 S3dQ2 dPc3

n = 1n = 1 n = 1 n = 1

n = 2n = 2 n = 2 n = 2

n = 3n = 3 n = 3 n = 3

n = 4n = 4 n = 4 n = 4
Weight functions 
for DOFs

Symbol of element

Element with degrees 
of freedom (DOFs)

Legend Finite elements References

Dimension of element 
function space

Finite element exterior 
calculus notation

Element specification 
in FEniCS
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Finite Element Tensor Calculus (FETC)

stress, strain tensors, dislocation density, disclination density in continuum mechanics,
metric, curvature (scalar, Ricci, Weyl, Riemann, Cotton...), torsion in differential geometry etc.

Discrete analogues of such tensors with symmetries and differential structures?
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Finite Element Tensor Calculus (FETC)

stress, strain tensors, dislocation density, disclination density in continuum mechanics,
metric, curvature (scalar, Ricci, Weyl, Riemann, Cotton...), torsion in differential geometry etc.

Discrete analogues of such tensors with symmetries and differential structures?

A special case: differential forms (fully skew-symmetric tensors), exterior derivatives

0
grad curl div

0

Raviart-Thomas (1977), Nédélec (1980) in numerical analysis
Bossavit (1988): differential forms and complex
Hiptmair (1999), Arnold, Falk, Winther (2006): systematic study, “Finite Element Exterior Calculus”
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Finite Element Tensor Calculus (FETC)

stress, strain tensors, dislocation density, disclination density in continuum mechanics,
metric, curvature (scalar, Ricci, Weyl, Riemann, Cotton...), torsion in differential geometry etc.

Discrete analogues of such tensors with symmetries and differential structures?

Example: metric

gij = gji .

Example: Riemannian tensor

Rab;cd = −Rba;cd = −Rab;dc , Rab;cd = Rcd ;ab, Rab;cd + Rbc;ad + Rca;bd = 0.
(algebraic Bianchi identity)

Quiz: in 4D (a, b, c, d = 1, 2, 3, 4), number of independent components of gab and Rab;cd?
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Tensors fit in complexes
Example: elasticity (Kröner, Calabi) complex

displacement formulation

intrinsic elasticity (Ciarlet et al.)

Kröner’s continuum description of dislocations/defects,
internal stress

Hellinger-Reissner principle of elasticity

V := R3 vectors, S := R3×3
sym symmetric matrices

def u := 1/2(∇u + ∇uT ), (def u)ij = 1/2(∂iuj + ∂jui).

inc g := ∇ × g × ∇, (inc g)ij = ϵiklϵjst∂k∂sglt .

div v := ∇ · v , (div v)i = ∂juij .

g metric ⇒ inc g linearized Einstein tensor (⋍ Riem ⋍ Ric in 3D)

inc ◦ def = 0: Saint-Venant compatibility
div ◦ inc = 0: Bianchi identity
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Form-value Forms / Double Forms

On Rn, a (k, ℓ)-form is an element in (C∞(Ω) ⊗ Altk)︸ ︷︷ ︸
k forms

⊗Altℓ︸ ︷︷ ︸
ℓ-form valued

=: C∞(Ω) ⊗ Altk,ℓ.

g = gijdx i ⊗ dx j (sym (1,1)-form), R = Rijpqdx i ∧ dx j ⊗ dxp ∧ dxq (sym (2,2)-form).

In three dimensions:

dx dy dz
dx * * *
dy * * *
dz * * *

dx dy dz
dy ∧ dz * * *
dz ∧ dx * * *
dx ∧ dy * * *

(1,1) forms (2,1) forms

dy ∧ dz dz ∧ dx dx ∧ dy
dx * * *
dy * * *
dz * * *

dy ∧ dz dz ∧ dx dx ∧ dy
dy ∧ dz * * *
dz ∧ dx * * *
dx ∧ dy * * *

(1,2) forms (2,2) forms

▶ For Whitney (k, ℓ)-forms, we introduce P−Altk,ℓ = (Altk + κAltk+1)︸ ︷︷ ︸
Whitney k-forms

⊗ Altℓ︸︷︷︸
Const ℓ-forms
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Altk,ℓ := Altk ⊗ Altℓ ℓ-form-valued k-forms; (k, ℓ)-forms)

· · · · · · · · · · · ·

· · · Altk−1,ℓ−1 Altk,ℓ−1 Altk+1,ℓ−1 Altk+2,ℓ−1 · · ·

· · · Altk−1,ℓ Altk,ℓ Altk+1,ℓ Altk+2,ℓ · · ·

· · · Altk−1,ℓ+1 Altk,ℓ+1 Altk+1,ℓ+1 Altk+2,ℓ+1 · · ·

· · · Altk−1,ℓ+2 Altk,ℓ+2 Altk+1,ℓ+2 Altk+2,ℓ+2 · · ·

· · · · · · · · · · · ·

dk−1 dk dk+1

dk−1

Sk−1,ℓ

dk

Sk,ℓ

dk+1

Sk+1,ℓ

dk−1

Sk−1,ℓ+1

dk

Sk,ℓ+1

d2

Sk+1,ℓ+1

dk−1

Sk−1,ℓ+2

dk

Sk,ℓ+2

dk+1

Sk+1,ℓ+2

Sk,ℓ : Altk,ℓ → Altk+1,ℓ−1

(dx i1 ∧ · · · ∧ dx ik ) ⊗ (dx j1 ∧ · · · ∧ dx jℓ)
7→

∑
s

(−1)s(dx i1 ∧ · · · ∧ dx ik ∧ dx js ) ⊗ dx j1 ∧ · · ·���dx js · · · ∧ dx jℓ

S
k,ℓ
† : Altk,ℓ → Altk−1,ℓ+1

(dx i1 ∧ · · · ∧ dx ik ) ⊗ (dx j1 ∧ · · · ∧ dx jℓ)
7→

∑
s

(−1)s(dx i1 ∧ · · ·��dx is · · · ∧ dx ik ∧) ⊗ dx j1 ∧ · · · ∧ dx jℓ ∧ dx is
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Altk,ℓ := Altk ⊗ Altℓ ℓ-form-valued k-forms; (k, ℓ)-forms)

· · · · · · · · · · · ·

· · · Altk−1,ℓ−1 Altk,ℓ−1 Altk+1,ℓ−1 Altk+2,ℓ−1 · · ·

· · · Altk−1,ℓ Altk,ℓ Altk+1,ℓ Altk+2,ℓ · · ·

· · · Altk−1,ℓ+1 Altk,ℓ+1 Altk+1,ℓ+1 Altk+2,ℓ+1 · · ·

· · · Altk−1,ℓ+2 Altk,ℓ+2 Altk+1,ℓ+2 Altk+2,ℓ+2 · · ·

· · · · · · · · · · · ·

dk−1 dk dk+1

dk−1

Sk−1,ℓ

dk

Sk,ℓ

dk+1

Sk+1,ℓ

dk−1

Sk−1,ℓ+1

dk

Sk,ℓ+1

d2

Sk+1,ℓ+1

dk−1

Sk−1,ℓ+2

dk

Sk,ℓ+2

dk+1

Sk+1,ℓ+2

Tensor symmetries encoded in diagrams

Example: Riemannian tensor

ker(S2,2) ⊂ Alt2,2 : symmetry of Riemannian tensor (algebraic Bianchi identity)
Rab;cd = −Rba;cd = −Rab;dc , Rab;cd = Rcd ;ab, Rab;cd + Rbc;ad + Rca;bd = 0.

dim(ker(S2,2)) = dim Alt2,2 − dim Alt3,1 =


1 in 2D Gauss curvature,

6 in 3D Ricci/Einstein,

20 in 4D Riemann
· · ·
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Differential structures of tensor fields

Derive complexes of tensors from de Rham complexes. Inspired by the Bernstein-Gelfand-Gelfand (BGG) construction.
(B-G-G 1975, Čap,Slovák,Souček 2001, Eastwood 2000, Arnold,Falk,Winther 2006, Arnold,KH 2021, Čap,KH 2023)

0 Alt0,J−1 Alt1,J−1 · · · Altn,J−1 0

0 Alt0,J Alt1,J · · · Altn,J 0

d d d

d

S0,J

d

S1,J

d

Sn−1,J

Sk−1,k : Λk−1,k → Λk,k−1: bijective. Left S operators: injective. Right S operators: surjective.

Output:

0 ker(S−1,J
† ) · · · ker(SJ−2,J

† )

ker(SJ,J) · · · ker(Sn,J) 0.

d

S−1

d

BGG reduction: ker(Sk,ℓ
† ) ′′ = ′′ Altk,ℓ − SAltk−1,ℓ+1

S†: adjoint of S
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3D examples

R: scalar V: vector M: matrix S: symmetric matrix T: trace-free matrix

0 R V V R 0

0 V M M V 0

0 V M M V 0

0 R V V R 0.

grad curl div

grad

id

curl

2 vskw

div

tr

grad

− mskw

curl

S

div

2 vskw

grad

−ι

curl

mskw

div

id

Hessian complex:

0 C∞ C∞(S) C∞(T) C∞(V) 0.hess curl div

biharmonic equations, plate theory, Einstein-Bianchi system of general relativity
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3D examples

R: scalar V: vector M: matrix S: symmetric matrix T: trace-free matrix

0 R V V R 0

0 V M M V 0

0 V M M V 0

0 R V V R 0.

grad curl div

grad

id

curl

2 vskw

div

tr

grad

− mskw

curl

S

div

2 vskw

grad

−ι

curl

mskw

div

id

elasticity complex:

0 C∞(V) C∞(S) C∞(S) C∞(V) 0.def inc div

elasticity, defects, metric, curvature
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3D examples

R: scalar V: vector M: matrix S: symmetric matrix T: trace-free matrix

0 R V V R 0

0 V M M V 0

0 V M M V 0

0 R V V R 0.

grad curl div

grad

id

curl

2 vskw

div

tr

grad

− mskw

curl

S

div

2 vskw

grad

−ι

curl

mskw

div

id

divdiv complex:

0 C∞(V) C∞(T) C∞(S) C∞ 0.
dev grad sym curl div div

plate theory, elasticity
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Discretization of complexes: finite elements and splines

Existing results (selected, most conforming):
▶ 2D: stress, strain Arnold–Winther 2002; Chen–Hu–Huang 2014; Christiansen–KH 2018; ...

▶ 3D: elasticity, Hessian, divdiv Arnold–Awanou–Winther 2008; Chen–Huang 2020–21; Hu–Liang–Lin 2023; ...

▶ Higher dimensions: nD, (k, ℓ)-forms, tensor product constructions Bonizzoni–KH–Kanschat–Sap 2023; ...

▶ Other directions: conformal complexes KH–Lin–Shi 2023

Main question: Canonical finite elements — analogue of Whitney forms?

Goal: correct cohomology, discrete topological / geometric structures...
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1D finite elements BGG
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Generalizing finite elements: back to de Rham’s currents

Key idea: For higher dimensions, introducing currents , in addition to functions

Currents = measures (Dirac delta, distributions)
Encode geometry in a codimensional way

Intuition: A point cloud ∼ 3-form, curve cloud ∼ 2-form, surface cloud ∼ 1-form

Figure: Exterior Calculus in Graphics, Wang–Nabizadeh–Chern, SIGGRAPH 2023

This suggests a natural extension of finite elements beyond functions.
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Perspectives of currents (distributions)

grad curl div

b

b b

b

b

standard finite elements

grad curl div

b

b b

b
b

nfδ
f

teδ
e

δv

Braess, Schöberl 2008
Perspectives:
▶ Topological: k-th space ∼= (n − k)-chains, dk ∼= ∂n−k
▶ Finite element: dual point of view, complex of degrees of freedom
▶ Discrete exterior calculus: cochain complex on dual meshes

▶ Fluid: point vortex, vortex lines (vorticity 2-form: delta on codimension 2)

▶ Applications: equilibrated residual error estimators (Braess–Schöberl 2008)
▶ Analysis: Licht 2017 (double complex)

Same structure, different viewpoints
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Gathering pieces to solve the puzzle

As the development of FEEC, several individual ingredients are already in the literature.

Christiansen 2011: Regge calculus = finite elements

▶ Regge element. discrete metric
▶ dim S = 6
▶ DoFs: Att |e = te · A · te
▶ #DoFs = 6.
▶ t − t continuity

Regge finite element v.s. Regge Calculus (’General relativity without coordinates’)

def inc div

b

b b

b

b

bb

b

[C0P1]
3

Regge Regge∗ [C0P1]
3∗

∑
e ceδeτe ⊗ τe

∑
v cvδv

metric (singular) curvature
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Schöberl and collaborators: distributional finite element schemes
▶ Equilibrated residual error estimator

grad curl div

b

b b

b
b

nfδ
f

teδ
e

δv

distributional finite elements, Braess-Schöberl 2008, Licht 2017

▶ Tangential Displacement Normal-Normal Stress (TDNNS) method for elasticity

σ = −ε(u), ∇ · σ = f . σ : symmetric matrix

div σ: tangential distribution Schöberl-Sinwel 2007

▶ Mass-Conserving mixed Stress (MCS) method for Stokes equations
σ = −∇u, ∇ · σ + ∇p = f . σ : trace-free matrix

div σ: normal distribution Gopalakrishnan-Lederer-Schöberl 2020

This work

Unify the above constructions in the same picture, as form-valued forms?
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distributional finite elements, Braess-Schöberl 2008, Licht 2017

▶ Tangential Displacement Normal-Normal Stress (TDNNS) method for elasticity

σ = −ε(u), ∇ · σ = f . σ : symmetric matrix

div σ: tangential distribution Schöberl-Sinwel 2007

▶ Mass-Conserving mixed Stress (MCS) method for Stokes equations
σ = −∇u, ∇ · σ + ∇p = f . σ : trace-free matrix

div σ: normal distribution Gopalakrishnan-Lederer-Schöberl 2020
This work

Unify the above constructions in the same picture, as form-valued forms?
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Towards a finite element periodic table for tensors
KH, Ting Lin. Finite element form-valued forms: Construction. arXiv: 2503.03243 (2025)

Alt−1,−1

Alt0,0 −→ Alt1,0 −→ Alt2,0 −→ Alt3,0

Alt0,0 −→
↙

−→ Alt1,1 −→ Alt2,1 −→ Alt3,1

Alt0,1 −→ Alt1,1 −→
↙

−→ Alt2,2 −→ Alt3,2

Alt0,2 −→ Alt1,2 −→ Alt2,2 −→
↙

−→ Alt3,3

Alt0,3 −→ Alt1,3 −→ Alt2,3 −→ Alt3,3

Alt4,4

classical Finite Element Exterior Calculus

Nédélec, Raviart–Thomas, Whitney, Bossavit, Hiptmair, Arnold, Falk,
Winther...

k       

0
1

0
1
2

0
1
2
3

0
1
2
3
4

k       

0
1

0
1
2

0
1
2
3

0
1
2
3
4

k       

0
1

0
1
2

0
1
2
3

0
1
2
3
4

k       

0
1

0
1
2

0
1
2
3

0
1
2
3
4

r = 1

2
2

3
6
3

4
12
12

4

5
20
30
20

5

r = 1

2
1

3
3
1

4
6
4
1

5
10
10

5
1

r = 1

2
1

4
4
1

8
12

6
1

16
32
24

8
1

r = 1

2
2

4
8
3

8
24
18

4

16
64
72
32

5

2

3
3

6
12

6

10
30
30
10

15
60
90
60
15

2

3
2

6
8
3

10
20
15

4

15
40
45
24

5

2

3
2

9
12

4

27
54
36

8

81
216
216

96
16

2

3
3

8
14

6

20
48
39
10

48
144
168

84
15

3

4
4

10
20
10

20
60
60
20

35
140
210
140

35

3

4
3

10
15

6

20
45
36
10

35
105
126

70
15

3

4
3

16
24

9

64
144
108

27

256
768
864
432

81

3

4
4

12
22
10

32
84
72
20

80
272
336
180

35

4

5
5

15
30
15

35
105
105

35

70
280
420
280

70

4

5
4

15
24
10

35
84
70
20

70
224
280
160

35

4

5
4

25
40
16

125
300
240

64

625
2000
2400
1280

256

4

5
5

17
32
15

50
135
120

35

136
472
606
340

70

5

6
6

21
42
21

56
168
168

56

126
504
756
504
126

5

6
5

21
35
15

56
140
120

35

126
420
540
315

70

5

6
5

36
60
25

216
540
450
125

1296
4320
5400
3000

625

5

6
6

23
44
21

74
204
186

56

216
768

1014
588
126

6

7
7

28
56
28

84
252
252

84

210
840

1260
840
210

6

7
6

28
48
21

84
216
189

56

210
720
945
560
126

6

7
6

49
84
36

343
882
756
216

2401
8232

10584
6048
1296

6

7
7

30
58
28

105
294
273

84

328
1188
1602

952
210

7

8
8

36
72
36

120
360
360
120

330
1320
1980
1320

330

7

8
7

36
63
28

120
315
280

84

330
1155
1540

924
210

7

8
7

64
112

49

512
1344
1176

343

4096
14336
18816
10976

2401

7

8
8

38
74
36

144
408
384
120

480
1764
2418
1464

330

2
2

3
3

4
4

5
5

6
6

7
7

8
8

2
1

3
2

4
3

5
4

6
5

7
6

8
7

2
1

3
2

4
3

5
4

6
5

7
6

8
7

2
2

3
3

4
4

5
5

6
6

7
7

8
8

3
6
3

6
12

6

10
20
10

15
30
15

21
42
21

28
56
28

36
72
36

3
3
1

6
8
3

10
15

6

15
24
10

21
35
15

28
48
21

36
63
28

4
4
1

9
12

4

16
24

9

25
40
16

36
60
25

49
84
36

64
112

49

4
8
3

8
14

6

12
22
10

17
32
15

23
44
21

30
58
28

38
74
36

4
12
12

4

10
30
30
10

20
60
60
20

35
105
105

35

56
168
168

56

84
252
252

84

120
360
360
120

4
6
4
1

10
20
15

4

20
45
36
10

35
84
70
20

56
140
120

35

84
216
189

56

120
315
280

84

8
12

6
1

27
54
36

8

64
144
108

27

125
300
240

64

216
540
450
125

343
882
756
216

512
1344
1176

343

8
24
18

4

20
48
39
10

32
84
72
20

50
135
120

35

74
204
186

56

105
294
273

84

144
408
384
120

5
20
30
20

5

15
60
90
60
15

35
140
210
140

35

70
280
420
280

70

126
504
756
504
126

210
840

1260
840
210

330
1320
1980
1320

330

5
10
10

5
1

15
40
45
24

5

35
105
126

70
15

70
224
280
160

35

126
420
540
315

70

210
720
945
560
126

330
1155
1540

924
210

16
32
24

8
1

81
216
216

96
16

256
768
864
432

81

625
2000
2400
1280

256

1296
4320
5400
3000

625

2401
8232

10584
6048
1296

4096
14336
18816
10976

2401

16
64
72
32

5

48
144
168

84
15

80
272
336
180

35

136
472
606
340

70

216
768

1014
588
126

328
1188
1602

952
210

480
1764
2418
1464

330

Periodic Table of the Finite Elements
k = 0 k = 0 k = 0 k = 0

r = 1

r = 1

r = 1

n = 1

n = 2

n = 3

r = 2

r = 2

r = 2

r = 3

r = 3

r = 3

k = 1 k = 1 k = 1 k = 1k = 2 k = 2 k = 2 k = 2k = 3 k = 3 k = 3 k = 3

The table presents the primary spaces of finite elements for the 
discretization of the fundamental operators of vector calculus: the 
gradient, curl, and divergence. A finite element space is a space of 
piecewise polynomial functions on a domain determined by: (1) a 
mesh of the domain into polyhedral cells called elements, (2) a finite 
dimensional space of polynomial functions on each element called 
the shape functions, and (3) a unisolvent set of functionals on the 
shape functions of each element called degrees of freedom (DOFs), 
each DOF being associated to a (generalized) face of the element, 
and specifying a quantity which takes a single value for all elements 
sharing the face. The element diagrams depict the DOFs and their 
association to faces.

The spaces  and  depicted on the left half of the table 
are the two primary families of finite element spaces for meshes of 
simplices, and the spaces 
are the two primary families of finite element spaces for meshes of 

 and 
are the two primary families of finite element spaces for meshes of 

 on the right side are for 
meshes of cubes or boxes. Each is defined in any dimension n ≥1 
for each value of the polynomial degree r ≥1, and each value of 
0 ≤ k ≤ n. The parameter k refers to the operator: the spaces consist 
of differential k-forms which belong to the domain of the k th exterior 

derivative. Thus for k = 0, the spaces discretize the Sobolev space H 1, 
the domain of the gradient operator; for k = 1, they discretize H (curl), 
the domain of the curl; for k = n – 1 they discretize H (div), the domain 
of the divergence; and for k = n, they discretize L 2.
The spaces  and , which coincide, are the earliest finite 
elements, going back in the case r = 1 of linear elements to Cou-
rant ,1 and collectively referred to as the Lagrange elements. The 
spaces  and , which also coincide, are the disconti-
nuous Galerkin elements, consisting of piecewise polynomials with 
no interelement continuity imposed, first introduced by Reed and 
Hill. 2 The space  in 2 dimensions was introduced by Raviart 
and Thomas 3 and generalized to the 3-dimensional spaces  
and  by Nédélec, 4 while  is due to Brezzi, Douglas and 
Marini 5 in 2 dimensions, its generalization to 3 dimensions again 
due to Nédélec. 6 The unified treatment and notation of the 

 in 2 dimensions, its generalization to 3 dimensions again 
 

and  families is due to Arnold, Falk and Winther as part of finite 
element exterior calculus, 7 extending earlier work of Hiptmair  for the 

 family. 8 The space  is the span of the elementary forms 
introduced by Whitney. 9 

R. Courant, Bulletin of the American Mathematical Society 49, 1943.
W. H. Reed and T. R. Hill, Los Alamos report LA-UR-73-479, 1973.
P. A. Raviart and J. M. Thomas, Lecture Notes in Mathematics 606, Springer, 1977.
J. C. Nédélec, Numerische Mathematik 35, 1980.
F. Brezzi, J. Douglas Jr., and L. D. Marini, Numerische Mathematik 47, 1985.
J. C. Nédélec, Numerische Mathematik 50, 1986.
D. N. Arnold, R.S. Falk, and R. Winther, Acta Numerica 15, 2006.
R. Hiptmair, Mathematics of Computation 68, 1999.
H. Whitney, Geometric Integration Theory, 1957.
D. N. Arnold, D. Boffi, and F. Bonizzoni, Numerische Mathematik, 2014.
D. N. Arnold and G. Awanou, Mathematics of Computation, 2013.
A. Logg, K.-A. Mardal, and G. N. Wells (eds.), Automated Solution of Differential 
Equations by the Finite Element Method, Springer, 2012.
R. C. Kirby, ACM Transactions on Mathematical Software 30, 2004.
A. Logg and G. N. Wells, ACM Transactions on Mathematical Software 37, 2010.
M. Alnæs, A. Logg, K. B. Ølgaard, M. E. Rognes, and G. N. Wells, ACM Transactions 
on Mathematical Software 40, 2014.

1.
2.
3.
4.
5.
6.
7.
8.
9.

10.
11.
12.

13.
14.
15.

The family  of cubical elements can be derived from the 1-di-
mensional Lagrange and discontinuous Galerkin elements by a tensor 
product construction detailed by Arnold, Boffi and Bonizzoni, 10 but for 
the most part were presented individually along with the correspon-
ding simplicial elements in the papers mentioned. The second cubical 
family  is due to Arnold and Awanou. 11 

The finite elements in this table have been implemented as part of 
the FEniCS Project.12, 13, 14 Each may be referenced in the Unified Form 
Language (UFL) 15 by giving its family, shape, and degree, with the 
family as shown on the table. For example, the space 

 by giving its family, shape, and degree, with the 
 may 

be referred to in UFL as:
FiniteElement("N2E", tetrahedron, 3) 

Alternatively, the elements may be accessed in a uniform fashion as:
FiniteElement("P-", shape, r, k)
FiniteElement("P", shape, r, k)
FiniteElement("Q-", shape, r, k)
FiniteElement("S", shape, r, k)

for 
FiniteElement("S", shape, r, k)

, 
FiniteElement("S", shape, r, k)

, 
FiniteElement("S", shape, r, k)

, and 
FiniteElement("S", shape, r, k)

, respectively.

("P", interval, 1) ("P", interval, 1)("DP", interval, 0) ("DP", interval, 1)

("P", interval, 2) ("P", interval, 2)("DP", interval, 1) ("DP", interval, 2)

("P", interval, 3) ("P", interval, 3)("DP", interval, 2) ("DP", interval, 3)

2 21 2

3 32 3

4 43 4

P1 P1dP0 dP1

P2 P2dP1 dP2

P3 P3dP2 dP3

3 3 4 44 81 3

9 812 144 6

16 12 229 10

8 812 246 181 4

27 2054 4836 398 10

64 32144 84108 7227 20

1 3

4

4

44 12

6 63 6

10 1015 30

10 106 10

20 2036 60

3 6

6 121 4

8 12

20 304 10

15 20

45 6010 20

("P", triangle, 1) ("P", triangle, 1) ("Q", quadrilateral, 1) ("S", quadrilateral, 1)("RTC[E,F]", quadrilateral, 1) ("BDMC[E,F]", quadrilateral, 1)("DQ", quadrilateral, 0) ("DPC", quadrilateral, 1)

("Q", quadrilateral, 2) ("S", quadrilateral, 2)("RTC[E,F]", quadrilateral, 2) ("BDMC[E,F]", quadrilateral, 2)("DQ", quadrilateral, 1) ("DPC", quadrilateral, 2)

("Q", quadrilateral, 3) ("S", quadrilateral, 3)("RTC[E,F]", quadrilateral, 3) ("BDMC[E,F]", quadrilateral, 3)("DQ", quadrilateral, 2) ("DPC", quadrilateral, 3)

("Q", hexahedron, 1) ("S", hexahedron, 1)("NCE", hexahedron, 1) ("AAE", hexahedron, 1)("NCF", hexahedron, 1) ("AAF", hexahedron, 1)("DQ", hexahedron, 0) ("DPC", hexahedron, 1)

("Q", hexahedron, 2) ("S", hexahedron, 2)("NCE", hexahedron, 2) ("AAE", hexahedron, 2)("NCF", hexahedron, 2) ("AAF", hexahedron, 2)("DQ", hexahedron, 1) ("DPC", hexahedron, 2)

("Q", hexahedron, 3) ("S", hexahedron, 3)("NCE", hexahedron, 3) ("AAE", hexahedron, 3)("NCF", hexahedron, 3) ("AAF", hexahedron, 3)("DQ", hexahedron, 2) ("DPC", hexahedron, 3)

("DP", triangle, 0) ("DP", triangle, 1)

("P", tetrahedron, 1)

("P", tetrahedron, 1)

("P", tetrahedron, 1)

("P", triangle, 2) ("P", triangle, 2)("DP", triangle, 1) ("DP", triangle, 2)

("P", tetrahedron, 2) ("P", tetrahedron, 2)

("P", triangle, 3) ("P", triangle, 3)("DP", triangle, 2) ("DP", triangle, 3)

("P", tetrahedron, 3) ("P", tetrahedron, 3)

("RT[E,F]", triangle, 1) ("BDM[E,F]", triangle, 1)

("N1E", tetrahedron, 1) ("N2E", tetrahedron, 1)("N1F", tetrahedron, 1) ("N2F", tetrahedron, 1)("DP", tetrahedron, 0) ("DP", tetrahedron, 1)

("RT[E,F]", triangle, 2) ("BDM[E,F]", triangle, 2)

("N1E", tetrahedron, 2) ("N2E", tetrahedron, 2)("N1F", tetrahedron, 2) ("N2F", tetrahedron, 2)("DP", tetrahedron, 1) ("DP", tetrahedron, 2)

("RT[E,F]", triangle, 3) ("BDM[E,F]", triangle, 3)

("N1E", tetrahedron, 3) ("N2E", tetrahedron, 3)("N1F", tetrahedron, 3) ("N2F", tetrahedron, 3)("DP", tetrahedron, 2) ("DP", tetrahedron, 3)

P1 P1 Q1 S1dQ0 dPc1

Q2 S2dQ1 dPc2

Q3 S3dQ2 dPc3

Q1 S1dQ0 dPc1

Q2 S2dQ1 dPc2

Q3 S3dQ2 dPc3

dP0 dP1

P1

P1

P1

P2 P2dP1 dP2

P2 P2

P3 P3dP2 dP3

P3 P3

N11 N21 N21N11

N12 N12

N13 N13

dP0 dP1

dP1 dP2

dP2 dP3

N1e N1f

N1e N1f

N1e N1f

("Q", interval, 1) ("S", interval, 1)("DQ", interval, 0) ("DPC", interval, 1)

("Q", interval, 2) ("S", interval, 2)("DQ", interval, 1) ("DPC", interval, 2)

("Q", interval, 3) ("S", interval, 3)("DQ", interval, 2) ("DPC", interval, 3)

2 21 2

3 32 3

4 43 4

Q1 S1dQ0 dPc1

Q2 S2dQ1 dPc2

Q3 S3dQ2 dPc3

n = 1n = 1 n = 1 n = 1

n = 2n = 2 n = 2 n = 2

n = 3n = 3 n = 3 n = 3

n = 4n = 4 n = 4 n = 4
Weight functions 
for DOFs

Symbol of element

Element with degrees 
of freedom (DOFs)

Legend Finite elements References

Dimension of element 
function space

Finite element exterior 
calculus notation

Element specification 
in FEniCS

24

Concept and scientific content: Douglas N. Arnold (University of Minnesota) and Anders Logg (Chalmers University of 
Technology). Graphic design: Mattias Schläger. The production of this poster has been supported by Simula Research 
Laboratory and is partially based on work supported by the U.S. National Science Foundation under grant DMS-1115291. 
Findings do not necessarily represent the views of Simula or of the NSF. Produced in 2014 and licensed under a Creative 
Commons Attribution-ShareAlike 4.0 International license.

femtable.org

[e/f]

RT[e/f]RT1

RT[e/f]RT2

RT[e/f]RT3

BDM[e/f] BDMc[e/f]

BDMc[e/f]

BDMc[e/f]

BDM1 BDMc1

BDMc2

BDMc3

BDM[e/f]BDM2

BDM[e/f]BDM3

N2e Nce AAe AAf

AAe AAf

AAe AAf

Ncf

Nce Ncf

Nce Ncf

N2 f

N2e N2fN22 N22

N2e N2fN23

RTc[e/f]

RTc[e/f]

RTc[e/f]

N23

RTc1

RTc2

RTc3

Nc1 AA1 AA1

AA2 AA2

AA3 AA3

Nc1

Nc2 Nc2

Nc3 Nc3

PTofFE_poster_fin.indd   1 2014-09-22   14:24

18 / 20



Towards a finite element periodic table for tensors
KH, Ting Lin. Finite element form-valued forms: Construction. arXiv: 2503.03243 (2025)

Alt−1,−1

Alt0,0 −→ Alt1,0 −→ Alt2,0 −→ Alt3,0

Alt0,0 −→
↙

−→ Alt1,1 −→ Alt2,1 −→ Alt3,1

Alt0,1 −→ Alt1,1 −→
↙

−→ Alt2,2 −→ Alt3,2

Alt0,2 −→ Alt1,2 −→ Alt2,2 −→
↙

−→ Alt3,3

Alt0,3 −→ Alt1,3 −→ Alt2,3 −→ Alt3,3

Alt4,4

distributional de Rham complex (currents).

Braess, Schöberl 2008: equilibrated residual error estimator
Licht 2017: double complex d Dietrich Braess Joachim Schöberl
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Towards a finite element periodic table for tensors
KH, Ting Lin. Finite element form-valued forms: Construction. arXiv: 2503.03243 (2025)

Alt−1,−1

Alt0,0 −→ Alt1,0 −→ Alt2,0 −→ Alt3,0

Alt0,0 −→
↙

−→ Alt1,1 −→ Alt2,1 −→ Alt3,1

Alt0,1 −→ Alt1,1 −→
↙

−→ Alt2,2 −→ Alt3,2

Alt0,2 −→ Alt1,2 −→ Alt2,2 −→
↙

−→ Alt3,3

Alt0,3 −→ Alt1,3 −→ Alt2,3 −→ Alt3,3

Alt4,4

Christiansen’s interpretation of Regge calculus as finite elements

Regge calculus (quantum & numerical gravity) :
edge length as metric, angle deficit as curvature

Regge finite element : piecewise constant symmetric tensor field d Tullio Regge Snorre Christiansen
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Towards a finite element periodic table for tensors
KH, Ting Lin. Finite element form-valued forms: Construction. arXiv: 2503.03243 (2025)

Alt−1,−1

Alt0,0 −→ Alt1,0 −→ Alt2,0 −→ Alt3,0

Alt0,0 −→
↙

−→ Alt1,1 −→ Alt2,1 −→ Alt3,1

Alt0,1 −→ Alt1,1 −→
↙

−→ Alt2,2 −→ Alt3,2

Alt0,2 −→ Alt1,2 −→ Alt2,2 −→
↙

−→ Alt3,3

Alt0,3 −→ Alt1,3 −→ Alt2,3 −→ Alt3,3

Alt4,4

Hessian complex, unified structures identified.

Kaibo Hu, Ting Lin, Qian Zhang. Distributional Hessian and divdiv complexes on triangu-
lation and cohomology. SIAM Journal on Applied Algebra and Geometry (2025). d Ting Lin Qian Zhang
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Towards a finite element periodic table for tensors
KH, Ting Lin. Finite element form-valued forms: Construction. arXiv: 2503.03243 (2025)

Alt−1,−1

Alt0,0 −→ Alt1,0 −→ Alt2,0 −→ Alt3,0

Alt0,0 −→
↙

−→ Alt1,1 −→ Alt2,1 −→ Alt3,1

Alt0,1 −→ Alt1,1 −→
↙

−→ Alt2,2 −→ Alt3,2

Alt0,2 −→ Alt1,2 −→ Alt2,2 −→
↙

−→ Alt3,3

Alt0,3 −→ Alt1,3 −→ Alt2,3 −→ Alt3,3

Alt4,4

divdiv complex , dual to Hessian complex.
TDNNS for elasticity (Schöberl, Sinwel 2007), Hellan-Herrmann-Johnson
(HHJ) element for plate.

KH, Ting Lin, Qian Zhang. Distributional Hessian and divdiv complexes on triangulation
and cohomology. SIAM Journal on Applied Algebra and Geometry (2025).

d Astrid Pechstein Joachim
Schöberl 18 / 20



Towards a finite element periodic table for tensors
KH, Ting Lin. Finite element form-valued forms: Construction. arXiv: 2503.03243 (2025)

Alt−1,−1

Alt0,0 −→ Alt1,0 −→ Alt2,0 −→ Alt3,0

Alt0,0 −→
↙

−→ Alt1,1 −→ Alt2,1 −→ Alt3,1

Alt0,1 −→ Alt1,1 −→
↙

−→ Alt2,2 −→ Alt3,2

Alt0,2 −→ Alt1,2 −→ Alt2,2 −→
↙

−→ Alt3,3

Alt0,3 −→ Alt1,3 −→ Alt2,3 −→ Alt3,3

Alt4,4

Patterns, Symmetries, Duality.
functions (classical finite elements) v.s. Dirac measures (currents). any dimension, any degree.

d Georges de Rham

Classical Finite Element Periodic Table (last row) is the special case of the
generalised Table where all spaces are piecewise polynomials.
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Summary & Outlook

Takeaway: Finite elements = discrete geometry
Forms → tensors → unified periodic table

What we built:
▶ Finite element form-valued forms (k, ℓ)
▶ Arbitrary symmetries via S, S†
▶ Arbitrary polynomial degree

Why it matters:
▶ Invariant under pullbacks (Piola)

natural for manifolds, surfaces, shells

▶ Discretizes full BGG diagrams
curvature, torsion, Bianchi identities

▶ Robust w.r.t. geometry/physics
Schöberl: model reduction by discretization

Outlook:
▶ Cohomology theory (beyond low order, higher dimensions)
▶ Conformal complexes (S ∩ T, Weyl tensors)
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