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Finite elements: from scalar fields (50s, 60s)

CO ct ct

Degrees of Freedom (DoFs): discrete patterns, where quantities are discretized
shape functions: extend DoFs to piecewise functions inside

DoFs uniquely determine shape functions

to vector fields (70s-80s)
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Nédélec Raviart-Thomas

Yee scheme: electric field on edges, magnetic
fields on faces (Fig: https://ammar-hakim.org) 2 /20



Finite elements: from scalar fields (50s, 60s)

A -

cO ct ct

Degrees of Freedom (DoFs): discrete patterns, where quantities are discretized
shape functions: extend DoFs to piecewise functions inside

DoFs uniquely determine shape functions

to differential forms (Bossavit 80s; Hiptmair 90s; Arnold, Falk, Winther 2000s...) k-forms on k-cells
V grad / curl

—_— 1

Lagrange Nédélec Raviart-Thomas

gradLag C Ned, curlNed C RT, divRT C DG, and exactness / cohomology

[N)
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DIFFERENTIAL FORMS

On R", a k-form is an element in C>®(£2) ® AltX.
> A general k-form: w =", fidxj; A--- Adx;.

» antisymmetric: dx; A dx; = —dx; Adx;, dx;i Adx; = 0.
f = f = O-form, R
w = udx + vdy + wdz = 1-form, V
n = ady A\ dz + bdz A\ dx + cdx A dy = 2-form, V
w = fdx A dy A dz = 3-form, R

", 0f

» Differential operator: dw = E ( E gldxj) Adxiy A - A dxi, .
»
I \j=1""Y

d = grad(0-form), curl(1-form), div(2-form), 0(3-form)
» Traces vrw : Y (filF) (dxi|F) A -+ A (dxi|F)-
/* = value(0-form),w - t(1-form), w - n(2-form), 0(3-form)
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DIFFERENTIAL FORMS

On R", a k-form is an element in C>®(£2) ® AltX.
> A general k-form: w =", fidxj; A--- Adx;.

» antisymmetric: dx; A dx; = —dx; Adx;, dx;i Adx; = 0.
f = f = O-form, R
w = udx + vdy + wdz = 1-form, V
n = ady A\ dz + bdz A\ dx + cdx A dy = 2-form, V
w = fdx A dy A dz = 3-form, R

", 0f

» Differential operator: dw = E ( E gldxj) Adxiy A - A dxi, .
»
I \j=1""Y

d = grad(0-form), curl(1-form), div(2-form), 0(3-form)
» Traces vrw : Y (filF) (dxi|F) A -+ A (dxi|F)-
/* = value(0-form),w - t(1-form), w - n(2-form), 0(3-form)

de Rham complex CoANK = C™ @ AltF

0 €00 8, cooyql _dL, L d ceon )

grad

0 Co® C*@R3 U, cogRr3 4V, cx 0.
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WHITNEY FORMS

AVINVAV I A

0-form 1-form 2-form 3-form k-form
Lagrange Nédélec Raviart-Thomas DG Whitney forms
P =R+xV V + xxV V + x®R R ALK + kALEF
dim =4 dim = 6 dim =4 dim =1 dim = (}77)

DoFs: u > u(x) DoFs: vi— (v-t)|le DoFs: w— (w-n)|f DoFs: wi— [w  DoFs: w— tiw

value continuity t continuity n continuity discontinuous  tr := /* continuity

Koszul construction: w(dxi;, A -+ A dx; ) — S o(=1)°"1x; (dxi A - % A dXi )



Finite element periodic table: any dimension, any k-forms, any polynomial degrees

Periodic Table of the Finite Elements

. .: =
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"HEED D=0 SEEn mgep
HEUSD ORED SpEE Egeg
HHED Sp=ED At -

Arnold, Logg 2014, SIAM news

Reference for Finite Element Exterior Calculus (FEEC): Arnold, Falk, Winther (2006) Acta Numerica;

Arnold, Falk, Winther (2010) Bulletin of AMS; Arnold (2018) SIAM book
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FINITE ELEMENT TENSOR CALcuULUS (FETC)

stress, strain tensors, dislocation density, disclination density in continuum mechanics,
metric, curvature (scalar, Ricci, Weyl, Riemann, Cotton...), torsion in differential geometry etc.

Discrete analogues of such tensors with symmetries and differential structures?

/20



FINITE ELEMENT TENSOR CALcULUS (FETC)

stress, strain tensors, dislocation density, disclination density in continuum mechanics,
metric, curvature (scalar, Ricci, Weyl, Riemann, Cotton...), torsion in differential geometry etc.

Discrete analogues of such tensors with symmetries and differential structures?

A special case: differential forms (fully skew-symmetric tensors), exterior derivatives

~Lr~Lr~EYLo

Raviart-Thomas (1977), Nédélec (1980) in numerical analysis
Bossavit (1988): differential forms and complex
Hiptmair (1999), Arnold, Falk, Winther (2006): systematic study, “Finite Element Exterior Calculus”

/20



FINITE ELEMENT TENSOR CALcULUS (FETC)

stress, strain tensors, dislocation density, disclination density in continuum mechanics,
metric, curvature (scalar, Ricci, Weyl, Riemann, Cotton...), torsion in differential geometry etc.

[ Discrete analogues of such tensors with symmetries and differential structures?

Example: metric

8ij = &ji-

Example: Riemannian tensor

Rab;cd = _Rba;cd = _Rab;dC1 Rab;cd - Rcd;abv Rab;cd + Rbc;ad + Rca;bd = 0.
(algebraic Bianchi identity)

Quiz: in 4D (a,b,c,d =1,2,3,4), number of independent components of ga, and Rap.c4?

/20



TENSORS FIT IN COMPLEXES
EXAMPLE: ELASTICITY (KRONER, CALABI) COMPLEX

. Kroner’s continuum description of dislocations/defects,
displacement formulation internal stress

/

0— 0PV 4 ,orgg i oegs AV L oomgy

displacement strain (metric) stress (curvature) force

intrinsic elasticity (Ciarlet et al.) Hellinger-Reissner principle of elasticity

V := R3 vectors, S := R3%3 symmetric matrices
sym SY

def u:=1/2(Vu+Vu'), (defu); = 1/2(0iu; + d;u;).

incg:=VxgxV, (incg)i=ek9,0.g.
divv:=V.v, (divv);=?du;.
g metric = inc g linearized Einstein tensor (= Riem = Ric in 3D)

incodef = 0: Saint-Venant compatibility
divoinc = 0: Bianchi identity
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FORM-VALUE FORMS / DOUBLE FORMS

On R", a (k,£)-form is an element in (C®°(2) ® Alth) ®@Alt* =: C>®(2) @ Alth’.
——

k forms (-form valued

g =gjdx' ®dx (sym (1,1)-form), R = Rjjpgdx’ Adx/ @ dxP Adx9 (sym (2,2)-form).

In three dimensions:

dx dy dz dx dy dz
dx * x % dyAdz * * *
dy * * x dzAdx * *
dz * * dxAdy * * *
(1,1) forms (2,1) forms
dy ANdz dzANdx dxAdy dy ANdz dzANdx dxAdy
dx * * * dy A dz * * *
dy * * * dz A dx * * *
dz * * * dx A dy * * *
(1,2) forms (2,2) forms

» For Whitney (k, £)-forms, we introduce P~ Alth* = (Alth + ALtk @ Alt?

Whitney k-forms Const £-forms
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Althl .= Altk @ Alt? (-form-valued k-forms; (k, ¢)-forms)

//

k
. Altk 14-1 Altk /-1 Ah]k+1 /—1 Altk+27€—1 L.

thk-1 N Altks 14 AltktLs 14 A L ALkt 14 L

sk- 7 SV SHV

) Altk=L+1 @ Akl dE A kLD AP A k2,04

Sk— V SV 5k+V

. Altk—1,442 Altht+2 AlthktL4+2 a7 o Aqpkt2,042 .

St AlERE — AlghtLEt

(dx A - Adx®) @ (dxt A - A dxdt)
= > (1) (dx A AdxE A dx) @ dxdt Al A d
S

dk+1
—_—

- —— Al

I ALK — Alk—1eH
(dx™ A Adx®) @ (dxt A - A dxt)
'—>Z —1)S(dxt A - A dXRA) @ dx A - A dxE A dxE
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Althl .= Altk @ Alt? (-form-valued k-forms; (k, £)-forms)

//

k
. Altk 14-1 Altk /-1 Altk+1 /—1 Altk+27€—1 L.

thk-1 N Altks 14 AltktLs 14 A L ALkt 14 L

sk- 7 SV SHV

) ALk=10+1 AT Akl A A kLD AR A k2,04

Sk— V SV Sk+y

k+1
h—1,042 Althkl+2 AJpht1e+2 d k2,042 .

Tensor symmetries encoded in diagrams

Example: Riemannian tensor

ker(5%?) C Alt>? : symmetry of Riemannian tensor (algebraic Bianchi identity)
Rab;cd = _Rba;cd S _Rab;dcY Rab.cd = Rcd,aby Rab,cd + Rbc‘ad + Rca.bd =0.

dk+1
—_—

Al

L —— Al

1 in2D Gauss curvature,
6 in3D Ricci/Einstein,

dim(ker(5?)) = dim Alt>? — dim Alt>! = _ .
20 in 4D Riemann

20



DIFFERENTIAL STRUCTURES OF TENSOR FIELDS
Derive complexes of tensors from de Rham complexes. Inspired by the Bernstein-Gelfand-Gelfand (BGG) construction.
(B-G-G 1975, Cap,Slovak,Sou¢ek 2001, Eastwood 2000, Arnold,Falk,Winther 2006, Arnold,KH 2021, Cap,KH 2023)

0 — A0t 94, AplJ-1 d Al 40

/ /5/

0 — AIt0Y — 94, A1/ Al ——— 0

Sk—Lk . gk—Lk _ pkk-1. bijective. Left S operators: injective. Right S operators: surjective.

Output:
0 —— ker(S; ™) ker(S{ %)) —24
5—1
- 4 ker(S77) ker(S™7) —— 0.

BGG reduction: ker(S]f(’e) n— Akt g ALk LA
Si: adjoint of S
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3D EXAMPLES

R: scalar V: vector M: matrix S: symmetric matrix T: trace-free matrix

0 @ grad \Y% curl \Y% div R 0
0 \% 0
0 grad curl 0
0 grad curl 0.

Hessian complex:

0 Coo hess Coo (S) curl Coo( ) div COO(V) 0

biharmonic equations, plate theory, Einstein-Bianchi system of general relativity
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3D EXAMPLES

R: scalar V: vector M: matrix S: symmetric matrix T: trace-free matrix

0 grad curl 0
2 vskw /

0 _>3d curI 0

0

0

elasticity complex:
0 —— C®(V) 25 coo(s) s Co(S) — co(V) —— 0.

elasticity, defects, metric, curvature

11/20



3D EXAMPLES

R: scalar V: vector M: matrix S: symmetric matrix T: trace-free matrix

0 R grad A% curl AV div R 0

Y grad M curl M div
/x_y > 2vskw

A% 0

—t mskw
0 R grad AV curl
divdiv complex:
0 COO(V) dev grad COO(T) sym curl COO(S) div div o 0.

plate theory, elasticity

11/20



DISCRETIZATION OF COMPLEXES: FINITE ELEMENTS AND SPLINES

Existing results (selected, most conforming):

» 2D: stress, strain Arnold—Winther 2002; Chen—Hu—Huang 2014; Christiansen—KH 2018; ...
» 3D: elasticity, Hessian, divdiv Arnold—Awanou—Winther 2008; Chen—Huang 2020-21; Hu—Liang—Lin 2023; ...
» Higher dimensions: nD, (k,¢)-forms, tensor product constructions Bonizzoni—-KH-Kanschat-Sap 2023; ...
» Other directions: conformal complexes KH-Lin-Shi 2023

[ Main question: Canonical finite elements — analogue of Whitney forms?

Goal: correct cohomology, discrete topological / geometric structures...

12/20



1D FINITE ELEMENTS BGG

d d

> v r—e —

C°P, (Lagrange) Po (piecewise const)

/ N I

d a4
dz dx
—_——— —_— — o > P PY

0V (delta at vertices)
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GENERALIZING FINITE ELEMENTS: BACK TO DE RHAM’S CURRENTS

Key idea: For higher dimensions, introducing currents , in addition to functions

Currents = measures (Dirac delta, distributions)
Encode geometry in a codimensional way

Intuition: A point cloud ~ 3-form, curve cloud ~ 2-form, surface cloud ~ 1-form

0-form 3-form

Figure 2.4 Differential k-forms can be represented by clouds of codimension-k
geometries.

Figure: Exterior Calculus in Graphics, Wang—Nabizadeh—Chern, SIGGRAPH 2023

This suggests a natural extension of finite elements beyond functions.
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PERSPECTIVES OF CURRENTS (DISTRIBUTIONS)

gmd curl /% div /W

nyo! 5

grad curl / div
‘ ‘ Y. /v
Perspectives:

» Topological: k-th space & (n — k)-chains, d* =3,
» Finite element: dual point of view, complex of degrees of freedom
» Discrete exterior calculus: cochain complex on dual meshes

' ~ grad ad @\ rot v

» Fluid: point vortex, vortex lines vort|C|ty 2- form delta on codimension 2)

standard finite elements

Braess, Schoberl 2008

» Applications: equilibrated residual error estimators (Braess—Schéberl 2008)
» Analysis: Licht 2017 (double complex) 15/20



(GATHERING PIECES TO SOLVE THE PUZZLE

As the development of FEEC, several individual ingredients are already in the literature.

Christiansen 2011: Regge calculus = finite elements

Regge finite element v.s. Regge Calculus ('General relativity without coordinates’)

curvature:
Dirac measure on hinges ™~

piecewise constant metric _ g

>
>
>
>
>

Regge element. discrete metric

dimS =6

DoFs: Att|e = te- A- te

#DoFs = 6.
t — t continuity

metric

represented by edge lengths

(singular) curvature

Regge”
Pe CeleTe @ Te

[Cjﬂ <0/}1 ] 3%
Xy cuby
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Schoberl and collaborators: distributional finite element schemes

» Equilibrated residual error estimator
nypot 5v

L9=5%=L9+L5

distributional finite elements, Braess-Schéberl 2008, Licht 2017

» Tangential Displacement Normal-Normal Stress (TDNNS) method for elasticity

o=—¢(u), V-o=Ff. o: symmetric matrix

divo: tangential distribution  Schoberl-Sinwel 2007

» Mass-Conserving mixed Stress (MCS) method for Stokes equations

c=—-Vu, V-0+Vp=Ff. o: trace-free matrix

I n-t dofs |

divo: normal distribution  Gopalakrishnan-Lederer-Schoberl 2020

17/20



Schoberl and collaborators: distributional finite element schemes

» Equilibrated residual error estimator
njﬁf 5v

-

distributional finite elements, Braess-Schéberl 2008, Licht 2017

» Tangential Displacement Normal-Normal Stress (TDNNS) method for elasticity

o=—¢(u), V-o=Ff. o: symmetric matrix

divo: tangential distribution  Schoberl-Sinwel 2007

» Mass-Conserving mixed Stress (MCS) method for Stokes equations

c=—-Vu, V-0+Vp=Ff. o: trace-free matrix

n-t dofs -/
‘ (ll\

divo: normal distribution Gopalakrishnan—Lederer—SchéberI 2020

Unify the above constructions in the same picture, as form-valued forms?

17/20



TOWARDS A FINITE ELEMENT PERIODIC TABLE FOR TENSORS
KH, TING LIN. Finite element form-valued forms: Construction. ARXIV: 2503.03243 (2025)

Dirac deltas Braess-Schoberl
A0 ALO ngd! A20t,5¢ ABO g

. Y
1.1 . . md A KLy div distributional Whitney
Alt—™5~ RN K™ —"’/I o / e
k4 ~ T — -
oo ARYY — ALY — A0 — Al
. oul, Hessian
_i’ Hu-Lin-Zhang

(mngulnr) curvature

elasticity
/ Regge-Christiansen

AL%0 —

Ve

— Al — AT — A3

ALY — AR —

functions

N Alt2:2 s Alt32 e
by
Al1t0:2 Altl2 Al2:2 de Jellan-Herrmann-Johnson (HHJ)
TDNNS (Pechstein,Schiberl )
Hu-Lin-Zhang

—  Al33

0,3 1,3 2,3 3,3
Al™ > Al > Alt > Alt N S Y { hitney forms
z - - S
e 4 [ .
K- -3 Alt4 ‘ AB ; A23
Nédélec Raviart-Thomas

Periodic Table of the Finite Elements

=

=

. . . ==
classical Finite Element Exterior Calculus S}
=0

Nédélec, Raviart—-Thomas, Whitney, Bossavit, Hiptmair, Arnold, Falk, e
Winther... é
8
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TOWARDS A FINITE ELEMENT PERIODIC TABLE FOR TENSORS

KH, TING LIN. Finite element form-valued forms: Construction. ARXIV: 2503.03243 (2025)

Dirac deltas Braess-Schoberl
A00 ALO nyo! A20¢,6¢ ABO g

/v %ml/v dw/v distfibutional Whitney
---=
Kooy ARSY — A0 — AZ0 — Al
hMW curl /@ div /v Hessian
A Hu-Lin-Zhang
>

(singular) curvature

— Al — AT — A3 52

functions

Alt32

[( » /.]‘
wwdw felan-Hersmann-Jolnson (HHJ)
TDNNS (Pechstein,Schisberl )
Hu-Lin-Zhang

Whitney forms

v
—  Alt??
—

—
Alt>?  —
v

—  Al33

AI%3 5 AL — A2 AISS

\

X
- grad curl
== )=

PRASINN Alth* 09

AL3 A23
Nédélec Raviart-Thomas

distributional de Rham complex (currents).

Braess, Schoberl 2008:  equilibrated residual error estimator

- \)
Licht 2017: double complex Dietrich Braess  Joachim Schoberl
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TOWARDS A FINITE ELEMENT PERIODIC TABLE FOR TENSORS

KH, TING LIN. Finite element form-valued forms: Construction. ARXIV: 2503.03243 (2025)

Dirac deltas Braess-Schoberl
. A0 ALO g8 A2045 A3 g
. !

., N \
L \\ . grad s curl div distributional Whitney
Alg~b- - NI T L
A = = =
A N 1! p—
P S
_ s

Loy ARSY 5 ARDO 5 AL20

— Al

hM 4 _curl div Hessian
0,0 ssia
Alt™ — L. Hu-Lin-Zhang
—

Altbt — AlPT — Al3T
Alt0:?

AS2

efsticity
/" Reggd-Christiansen
/ function|
— A2 — Al32 oo
A1t0’2 A1t172 A1t2,2 ‘d:vdnv lellan- “4 rrmann-Johnson (HHJ)
/ TDNNS (Pechstein,Schéberl )
Hu-Lin-Zhang
—  AI33
0,3 1,3 2,3 3,3
AltY AR — AlEZ3 o AlS S grad / curl . Whitney forms
- - 2 P A
e (=" |
Lo Al = T A2
Nédélec Raviart-Thomas

Christiansen’s interpretation of Regge calculus as finite elements

Regge calculus (quantum & numerical gravity) :
edge length as metric, angle deficit as curvature

g
Tullio Regge  Snorre Christiansen

Regge finite element : piecewise constant symmetric tensor field
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TOWARDS A FINITE ELEMENT PERIODIC TABLE FOR TENSORS

KH, TING LIN. Finite element form-valued forms: Construction.

—1,-1
Alt S
AN (A
AlOO —
Ve
— ALY —
AOY —  ARYY —
Ve
—
Al®? — Al —
AlSS — Al — A3

— AItY0 — A2

Al —  Al31

A2 —  Al3?
Alt22 —
v

—  Al33

A

K- -

Hessian complex, unified structures identified.

Kaibo Hu, Ting Lin, Qian Zhang. Distributional Hessian and divdiv complexes on triangu-
lation and cohomology. SIAM Journal on Applied Algebra and Geometry (2025).

— Al

Alg4*

ARXIV:

functions

2503.03243 (2025)

Dirac deltas
ALO g A20 4,5

x

x

Braess-Schoberl
ABO g

distributional Whitney

Hessian

Hu}Lin-Zhang

/ﬁ o=

div elasticity

Regge-Christiansen

[( 0 /.]‘

div
~d“ dw lellan-Herrmann-Johnson (HHJ)
TDNNS (Pechstein,Schoberl )

Hu-Lin-Zhang

Whitney forms

\< délec Raviart-Thomas

Ting Lin

Qian Zhang
18/20



TOWARDS A FINITE ELEMENT PERIODIC TABLE FOR TENSORS

KH, TING LIN. Finite element form-valued forms: Construction. ARX1v: 2503.03243 (2025)

Dirac deltas Braess-Schoberl
A0 ALO ng8 AR gv

/W %Wcurl/v /v distributional Whitney
-3
oo ARYY — ALY — A0 — Al
ull’l dn Hessian
Hu-Lin-Zhang

(singular) curvature

A~

A% —

Ve

— Al — AT — A3

A2
div elasticity
74 et Regge-Christiansen

A®Y — Al — .

functions

, A1t2’2 Alt3’2 fE“ \(‘, T
Al%2 —  AlYZ — AlZZ2 — ‘dndw Jellan-Hermann-Johnson (HHLJ)
% TDNNP (Pechstein Schiber )
Hji-Lin-Zhang
—  AIt33
A0 — AL — A2 Al3S @ Q .
I N\, Whitney forms
e Algh4 A0S el A28
Nedéle Raviart-Thomas

divdiv complex , dual to Hessian complex.
TDNNS for elasticity (Schoberl, Sinwel 2007), Hellan-Herrmann-Johnson
(HHJ) element for plate.

KH, Ting Lin, Qian Zhang. Distributional Hessian and divdiv complexes on triangulation Astrid Pechstein Joachim
and cohomology. SIAM Journal on Applied Algebra and Geometry (2025). Schéberl 18/20



TOWARDS A FINITE ELEMENT PERIODIC TABLE FOR TENSORS

KH, TING LIN. Finite element form-valued forms: Construction. ARXIV: 2503.03243 (2025)
Dirac deltas Braess-Schoberl
Alp-L-1 N —— m——
-2 ‘V gad 7[% curl /v /W distritftional Whitney
s AR s AIRO A0 A N
AP0 —
< T G
—  AlMY — AT — Al
ASL — ARYY —
l/ clasfcity
N A1t2‘2 N Alt3’2 Regge-CRristiansen
functins
Alt®?2 — AN — A2 —
e A devgrad” A tellan-Herr foan-Johuson (HHJ)
—  Al33 AV — ‘V TDNNS ([echstein Schiberl )
N Hu-Ifh-Zhang
AlR? s AlDE — AP AP
JRASENN Alth? /v LNy L‘m i ey forms
N L
RE = !
/ A \”
. . Neaee TV Thomas
Patterns, Symmetries, Duality.
functions (classical finite elements) v.s. Dirac measures (currents).  any dimension, any degree.
Classical Finite Element Periodic Table (last row) is the special case of the
generalised Table where all spaces are piecewise polynomials.
Georges de Rham 18/20




SUMMARY & OUTLOOK

Takeaway: Finite elements = discrete geometry
Forms — tensors — unified periodic table

What we built:
» Finite element form-valued forms (k, ¢)
» Arbitrary symmetries via 8, 8t
> Arbitrary polynomial degree

Why it matters:

Invariant under pullbacks (Piola)
natural for manifolds, surfaces, shells
» Discretizes full BGG diagrams

curvature, torsion, Bianchi identities

» Robust w.r.t. geometry/physics

Schéberl: model reduction by discretization

Outlook:

Dirac deltas Braess-Schober]
10 ngd! ABO g

/v 7{% curl /W dw/v distributional Whitney
o, e, Hessian
e Hu-Lin-Zhang

u...:-.ln. urvature

. dne (h\ elasticity
P Regge-Christiansen

o)

functions

i BT 3, Cuby
. , divdiv
caivail™ Iellan-Herrmann-Johnson (HHJ)
“T . TDNNS (Pechstein,Schéberl )
pas Hu-Lin-Zhang
A
S

Whitney forms

Nédélec Raviart-Thomas

» Cohomology theory (beyond low order, higher dimensions)

» Conformal complexes (SN T, Weyl tensors)

19/
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